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$E,$ $F$ $X$ , $g$ $X$
$f\in E$ $fg\in F$
, $g$ $E$ $F$ pointwise multiplier $E$ $F$ pointwise
multiplier $PWM(E, F)$ $PWM(E, E)$ $PWM(E)$
$1/p_{1}+1/p_{3}--1/p_{2}$ ,




(1.3) $PWM(L^{p}(x))=L^{\infty}(X)$ for $0<.p\leq\infty$
, $Iy$ BMO $X=\mathbb{R}^{n}$ or $\mathbb{T}^{n}$ (1.3)




$\mu$ $X=(X, d, \mu)$ homogeneous
(2.1) $d(x,y)\leq K_{1}(d(x, z)+d(z, y))$ , $x,$ $y,$ $z\in X$ ,
(2.2) $0<\mu(B(_{X}, 2r))\leq K_{2}\mu(B(_{X}, r))<\infty$ , $x\in X,$ $r>0$ .
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$B(x, r)$ $x\in X$ , $r>0$
$B(x, r)=\{y\in x : d(X, y)<r\}$ .
$x$
(2.3) $|d(X, z)-d(y, Z)|\leq K3(d(_{X,z})+d(y, Z))^{1}-\theta d(x, y)^{\theta}$
$0<\theta\leq 1$ . $d$ $K_{1}=K_{3}=\ominus=1$
$\mathbb{R}^{n},$ $\mathbb{T}^{n}$ Lebesgue homogeneous
$\mathbb{R}^{n},$ $\mathbb{T}^{n}$
3. CAMPANATO , MORREY
3.1. . $\phi$ : $X\cross \mathbb{R}_{+}arrow \mathbb{R}_{+}$ $B=B(X, r)$ $\phi(B)$ $\emptyset(x, r)$




$p=1$ $\mathcal{L}_{1,\phi}(X)=\mathrm{B}\mathrm{M}\mathrm{O}_{\phi}(x)$ $\phi\equiv 1$ $\mathcal{L}_{1,\phi}(X)=$
$\mathrm{B}\mathrm{M}\mathrm{O}(X)$
$0<p\leq\infty$ Morrey $L_{p,\phi}(X)$ $f$
$||f||_{p,\phi}= \sup\frac{1}{\phi(B)}B(\frac{1}{\mu(B)}\int_{B}|f(x)|^{p}d.\mu(X))^{1/p}<+\infty$ , $0<p<\infty$ ,
$||f||_{\infty}$
.
$’ \emptyset=\sup\underline{1}$ esssup $|f(X)|<+\infty$ , $p=\infty$ .$B\phi(B)$ $x\in B$
$\phi(B)=\mu(B)^{-1/}\dot{p}$ $L_{p,\phi}(x)=L^{p}(X)$
$B_{0}$ , $\mathcal{L}_{p,\phi}(x)$ $||f||_{c_{p},+}\text{ }|f_{B_{\text{ }}}|$ Banach
$1\leq p\leq\infty$ $L_{p,\phi}(X)$ $||f||_{L_{p,\phi}}$ Banach
2
(3.1) $\frac{1}{A_{1}}\leq\frac{\phi(a,s)}{\phi(a,r)}\leq A_{1}$ for $\frac{1}{2}\leq\frac{s}{r}\leq 2$ ,
(3.2) $\frac{\phi(a,r)}{r^{\theta}}\leq A_{2}\frac{\phi(a,s)}{s^{\theta}}$ for $0<s<r$,
(3.3) $\int_{0}^{r}\mu(B(a, t))^{1/p}\frac{\phi(a,t)}{t}dt\leq A_{3}\mu(B(a,r))^{1/}p\phi(a, r)$ for $r>0$ ,
(3.4) $\frac{1}{A_{4}}\leq\frac{\phi(a,r)}{\phi(b,r)}\leq A_{4}$ for $.d(a, b)\leq r$ ,
(3.5) $\phi(a, r)\leq A_{5}\phi(b, s)$ for $B(a,r)\subseteq B(b, s)$ ,
(3.6) $B(a) \subset\inf_{B}\phi(a, r)=C_{B}>0$ for each ball $B$ .
$\lambda_{p,\phi}(X, r)=$ $p=\infty 0<p<\infty$
,
$\mathcal{L}_{P},\psi(x),$ $L_{p,\phi}(x)$ \mbox{\boldmath $\lambda$}p,\mbox{\boldmath $\phi$} (3.5)
3.2. $X=\mathbb{R}^{n}$ $\mathbb{T}^{n}$ .
$X=\mathbb{R}^{n}$ , $d(x, y)=|x-y|$ , $\mu=\mathrm{L}\ominus \mathrm{b}\mathrm{e}\mathrm{S}\mathrm{g}\mathrm{u}\ominus$
, $\phi(x, r)=r^{\alpha}$ , (Campanato
$[1, 2]$ , Mayers [7] and Peetre $[12])_{0}$
(3.7) $-n/p\leq\alpha<0$ $\Rightarrow$ $\{$
$\mathcal{L}_{p,\phi}(\mathbb{R}^{n})/c=L_{\mathrm{P})}\phi(\mathbb{R}n)$
( $=L^{p}(\mathbb{R}^{n})$ if $\alpha=-n/p$),
(3.8) .. $.\alpha=$. $0$. $\Rightarrow$ $\{$ $\mathcal{L}_{p,\phi}(\mathbb{R}^{n})=\mathrm{B}\mathrm{M}\mathrm{o}(\mathbb{R}^{n})$$\supset L^{\infty}(\mathbb{R}^{n})=L_{\mathrm{p}},\psi(\mathbb{R}n)$ ,







( $=L^{p}(\mathbb{T}^{n})$ if $\alpha=-n/p$),
(3.8), (3.9) Figure 1 ,
3
FIGURE 1. Campanato spaces $\mathcal{L}_{p,\phi()}\mathbb{T}^{n},$ $\phi=r^{\alpha}$
4 $(1/p, \alpha)$ Campanato $\mathcal{L}_{p,r^{\alpha}}(\mathbb{T}^{n})$
, ,
, Campanato $\mathcal{L}_{p,r^{\alpha}}(\mathbb{T}^{n})$ Morrey $L_{\mathrm{p},r^{\alpha}}(\mathbb{T}^{n})$ –
, $L^{p}(\mathbb{T}^{n})$ –
$\alpha\geq 0$ Campanato $P$ $\alpha>0$ ,
$(0, \alpha)$ $\mathcal{L}_{p,r^{\alpha}}(\mathbb{T}^{n})$ , $L_{p,r^{\alpha}}(\mathbb{T}^{n})$ Lipschitz (H\"older)
$\mathrm{L}\mathrm{i}\mathrm{p}_{\alpha}(\mathbb{T}^{n})$ $-$ , $(1/p, 0)(0<1/p\leq 1)$
$\mathrm{B}\mathrm{M}\mathrm{O}(\mathbb{T}^{n})$
,
Figure 2 $\emptyset(r)=r^{\alpha}$ ,






FIGURE 2. Campanato spaces $\mathcal{L}_{p,\phi}(\mathbb{T}^{n})$




\mbox{\boldmath $\phi$}, $\Phi_{i}^{*},$ $\Phi_{i}^{**}$ $(i=1,2,3)$
5
4.1 (Nakai and Yabuta [11], 1997). $\mu(X)=\infty$
$B(x_{0}, K_{4}r)\backslash B(x_{0},r)\neq\emptyset$ , $r>r_{0}$




42(Nakai [8], 1997). $\mu(X)=\infty$ , $\in>0$ $p=1+\hat{\epsilon}$
,
(4.1) $\int_{r_{0}}^{r}(\frac{\phi_{2}(X_{0},t)}{\phi_{1}(X_{0},t)})^{p}\frac{\mu(B(x_{0},t))}{t}dt\leq A_{6}(\frac{\phi_{2}(X_{0},r)}{\phi_{1}(X_{0},r)})^{p}\mu(B(_{X}0, r))$, $r>r_{0}$
$\phi_{1}$ $p_{1}(1\leq p_{1}<\infty)$ $(3.1)-(3.4)$ (3.5) ) $\phi_{2}$
(3.1), (3.4), (3.5) $(\Phi_{2}^{*}+\Phi_{2}^{**})/\phi_{2}\leq C(\Phi_{1}^{*}+\Phi_{1}^{**})/\phi_{1}$
$\phi_{3}=\phi_{2}/(\Phi_{1}^{*}+\Phi_{1}^{**})$ ,
$PWM(\mathrm{B}\mathrm{M}\mathrm{O}\emptyset 1(x), \mathrm{B}\mathrm{M}\mathrm{O}_{\phi 2}(X))=\mathrm{B}\mathrm{M}\mathrm{O}_{\phi_{3}}(X)\cap L_{\phi_{2}/\emptyset}1(x)$,
$||g||_{0_{\mathrm{p}}}\sim||g||_{\mathrm{B}}\mathrm{M}\mathrm{o}_{\phi_{3}}+||g||_{L_{\phi}}2/\phi_{1}$ .
4.3 (Nakai [8], 1997). $1<p_{2}<p_{1}<$. $\infty,$ $p_{1}p_{2}\geq p_{1}+p_{2}$ $\phi_{1},$ $p_{1}$
(3.1) $-(3.4)$ , $\phi_{2}$ (3.1), (3.4) $(\Phi_{2}^{*}+\Phi_{2}^{**})/\phi_{2}\leq$
$C(\Phi_{1^{+}1}^{*}\Phi**)/\phi_{1}$ $\mu(X)=\infty$ , $p=p_{2}$ (4.1)
$\phi_{3}=\phi_{2}/(\Phi_{1}^{*}+\Phi_{1}^{**})$ (3.5)
$PWM(\mathcal{L}_{p_{1}},\phi_{1}(x),$ $\mathcal{L}p2,\phi 2(x))=\mathrm{B}\mathrm{M}\mathrm{O}_{\phi 3}(X)\cap L_{\phi_{2}/\phi}1(x)$ ,
$||g||_{0\sim}\mathrm{p}.||g||_{\mathrm{B}}\mathrm{M}\mathrm{O}\phi_{3}|+|g||_{L}\phi 2/\phi_{1}$ .
homogeneous – Campanato
, Figure 2 , 4.1 Campanato
42 BMO Campanato





5.1. $0<p_{2}<p_{1}<\infty,$ $1/p_{1}+1/p_{3}=1/p_{2}$ $\phi_{1},$ $\phi_{2}$ (3.1),
$,(3.4)$ $\phi_{2}^{\mathrm{P}2/p_{1}}/\phi_{1}$ (3.5) , $\phi_{2}/\phi_{1}$ (3.6) )
$PWM(L_{p_{1}},\phi 1(X),$ $L_{\mathrm{p}2},\emptyset 2(X))=L\emptyset 2/\phi_{\text{ }}(p_{3},x)$ ,
$||g||_{0}\mathrm{p}\sim||g||_{L}\mathrm{p}3^{\phi},2/\phi_{1}$ .
$p_{1}=p_{2}$ , $\phi_{1}$ (3.6) ,
$\phi_{2}^{p_{2}/}\mathrm{P}1/\phi_{1}$ (3.5) ,






















5.2. $\mu(X)=+\infty,$ $1\leq p_{2}<p_{1}<\infty_{f}1/p_{1}+1/p_{3}=1/p_{2}$ 5.1
,
$\int_{r}^{\infty}\frac{\phi_{2}(a,t)}{t}dt\leq c\emptyset 2(a, t)$
,
$PWM(\mathcal{L}_{p\phi 1}1,(X),$ $\mathcal{L}p_{2},\phi_{2}(X))=L_{p_{3},\phi_{2/}}\phi 1(x)\cap L_{p_{2},\phi_{2}}(x)$ ,
$||g||0_{\mathrm{P}}\sim||g||_{L},+||g\mathrm{p}3^{\phi/\phi_{1}}2||L_{p_{2},\phi_{2}}$ .
6. MULTICATION ALGEBRA
, Campanato multiplication. algebra
$f,g\in \mathcal{L}_{p,\phi(X)}$ , $fg\in \mathcal{L}_{p,\phi}(x)$
$||fg||_{\mathcal{L}_{\mathrm{p},\phi}}\leq C||f||c\phi|\mathrm{p},|g||_{c_{p}},\phi$
Campanato $\mathcal{L}_{p,\phi(X)}$ multiplication algebra
$\mathrm{C}^{0}(X)$ $||f||_{L}\infty$ –
Besov Triebel-Lizorkin
6.1. (Triebel [13], 1978)
1. $B_{p,q}^{S}(\mathbb{R}^{n})$ multiplication algebra
2. $B_{p,q}^{S}(\mathbb{R}^{n})\subset C^{0}(\mathbb{R}^{n})$ . ( )
3. either $0<p\leq\infty,$ $0<q\leq\infty,$ $s>n/p$
or $0<p\leq\infty,$ $0<q\leq 1,$ $s=n/p$ .
8
62. (Franke [5], 1986)
1. $F_{p,q}^{s}(\mathbb{R}^{n})$ multiphcation atgebra
2. $F_{p,q}^{S}(\mathbb{R}^{n})\subset C^{0}(\mathbb{R}^{n})$ . ( )
3. either $0<p<\infty,$ $0<q\leq\infty,$ $s>n/p$
or $0<p\leq 1,0<q\leq\infty_{f}s.=n/p$ .
Campanato $\phi=\phi(r)$
, $\phi$
63. $\mu(X)=\infty$ (4.1) $1\leq P<\infty$ , $\phi=\phi(r)$
$(3.1)-(3.3)$ ,
1. $\mathcal{L}_{p,\phi}(X)$ multiphcation algebra
2. $\mathcal{L}_{p,\phi}(X)\subset \mathrm{C}^{0}(X)$ . ( )
3. $\Phi^{*}+\Phi^{**}\leq C$ .
64. $\phi$ $(3.1)-(3.4)$ ,
$\mathit{1}\Leftrightarrow \mathit{3}\Leftarrow \mathit{2}$ .
, multiplication algebra Campanato
$\mathcal{L}_{\mathrm{p},\phi}(X)$
, 4.1
6.1 (Nakai and Yabuta [11], 1997). $1\leq p<\infty$ $\phi$ (3.1) $-(3.4)$
,
(6.1) $f_{a}(x)= \int_{d(a,x)}^{1}\frac{\phi(a,t)}{t}dt$
$a\in X$ $\mathcal{L}_{p,\phi}(X)$ , $a$ $C>0$
, $||f_{a}||\mathcal{L}_{\mathrm{p},\phi}\leq C$
62(Nakai [8], 1997). $1\leq p<\infty$ \rangle $\phi$ (3.1) $\rangle$
$\mathcal{L}_{p,\psi}(x)\subset L_{p,\Phi^{\star*}}\Phi\star+(x)$ and $||f||_{L_{\mathrm{p},\Phi}*}+\Phi^{*}$ . $\leq C_{\text{ }}||f||c_{\mathrm{p}},\phi$ .
6.5. $\phi$ (3.1) $x\in X$
(62) $\int_{0}^{d(x,y)}\frac{\phi(x,t)+\phi(y,t)}{t}dtarrow 0$ as $d(x, y)arrow 0$
9
, $f\in \mathcal{L}_{p,\phi}(X)$ $x\in X$ $\phi$ (3.1) $-(3.4)$
(6.2) , $x\in X$ $f\in \mathcal{L}_{p,\phi(X)}$
63, 64
4.1 , $\mathcal{L}_{p,\phi}(x)$ multiplication algebra
(6.3) $\mathcal{L}_{p,\phi}(x)\subset PWM(\mathcal{L}_{p},\emptyset(x))=\mathcal{L}(\mathrm{P},\psi X)\cap L^{\infty}(x)$ ,
(6.4) $C||f||_{\mathcal{L}_{\mathrm{p}}},\phi\geq||f||0_{\mathrm{P}}\sim||f||\mathcal{L}_{\mathrm{p}},\psi+||f||_{L}\infty$ .
\supset \psi $=\phi/(\Phi^{*}+\Phi^{**})$ .
(6.4) 6.1 $||f_{a}||_{L}\infty\leq C$ . $\Phi^{*}+\Phi^{**}\leq C$
\Phi *+\Phi ** $\leq C$ \psi $\sim\phi$ $L_{p,\Phi^{*}\Phi}+**(X)=L^{\infty}(X)$ , 62
(6.3) (6.4)
- $\mathcal{L}_{p,\phi(X)}\subset \mathrm{C}^{0}(X)\subset L^{\infty}(X)$ $||f_{a}||_{L}\infty\leq C$ . $\Phi^{*}+\Phi^{**}\leq C$
$\phi=\phi(r)$ \Phi *+\Phi ** $\leq C$ (6.2) ,
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